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The problem of restoration of broken artefacts, where large parts could be missing, is of high importance in archaeology . The
typical manual restoration can become a tedious and error-p rone process, which also does not scale well. In recent years, many
methods have been proposed for assisting the process, most of which target specialized object types or operate under ver y
strict constraints. We propose a digital shape restoration  pipeline consisting of proven, robust methods for automati ¢ fragment
reassembly and shape completion of generic three-dimensio nal objects of arbitrary type. In this pipeline, rst we intr oduce
a novel uni ed approach for handling the reassembly of objec ts from heavily damaged fragments by exploiting both fractu re
surfaces and salient features on the intact sides of fragmen ts, when available. Second, we propose an object completion procedure
based on generalized symmetries and a complementary part ex traction process that is suitable for driving the fabricati on of
missing geometry. We demonstrate the e ectiveness of our ap proach using real-world fractured objects and software imp lemented
as part of the EU-funded PRESIOUS project, which is also avai lable for download from the project site.
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1. INTRODUCTION

The physical restoration of cultural heritage (CH) objects from fragments found at excavation sites is
a time consuming and dif cult task, especially for large objects or large collections of fragments, given
also the fact that the pieces may be dispersed in different physical collections. In order to provide cues
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for the study and presentation of a restored object but also for strengthening its structural integrity,
reassembled objects often undergo a repair process, where missing parts are speculated and physically
created. The digital counterpart, virtual object restoration , has received signi cant research interest
in the past years, mainly with regard to specialized object types, such as frescos and pottery. Moving to
the virtual, computer-assisted domain provides numerous advantages, including the access to digital
assets from remotely located physical nds and the ability to easily manipulate and explore 3D shapes,
whose physical counterparts may be hard to handle. Above all, it bene ts from the exploitation of
robust and fast algorithms for computing and exhaustively testing hypotheses, even extreme ones, at
a large problem scale.

In general, the computational restoration of structures is dramatically hindered by the deteriorated
state of the parts involved. Fragments are typically exposed to weathering, erosion and physical stress,
partially and sometimes unevenly damaging their surfaces. Fractured areas are often smoothed out,
thus signi cantly reducing the effectiveness of local features in the tasks of shape comparison or reg-
istration. Furthermore, missing parts in the case of generic objects tend to result in room for more
interpretations, greater ambiguity and sometimes make it impossible to determine the exact shape
and number of the original objects from a collection of fragments.

In this paper we propose a shape restoration pipeline consisting of appropriate methods for auto-
matic fragment reassembly and shape completion. The methodological approach followed and the im-
plemented systems target generic three-dimensional shapes, such as broken architectural elements,
ornaments, statues etc., but can also be used in constrained special cases such as at or symmetrical
objects. We demonstrate the effectiveness of our approach using real case studies of fractured objects,
based on detailed precision evaluation experiments. Our key contributions are:

—A complete pipeline of working tools for performing a) reassembly of generic objects using pure
geometric priors and b) object completion and missing part synthesis. For the rst part, we employ
robust registration algorithms to solve the 3D "puzzling” problem, under the presence of noise, data
partiality and erosion. For the object completion, two data-driven approaches are used to synthesize
missing parts based on symmetry, one suitable for point clouds or potentially open (partial) meshes
and one better suited to objects with approximate or very partial planar symmetry.

—A fully implemented set of tools for performing the reassembly and symmetrical expansion of objects,
available online.

—A thorough validation of the proposed methodology on real broken CH objects.

The remainder of this paper is structured as follows: Section 2 frle y summarizes most relevant
work to our restoration system, Section 3 [ekplains the steps of the pipeline, Sections 4 aph#l 5 pfdvide
more details about the actual algorithms used, while indicative case studies and evaluation of results
are given in Section §.]

2. BACKGROUND AND RELATED WORK

Before examining prior art in the virtual restoration domain or providing details about our method, it

is informative to categorize the objects to be restored according to some broad geometric prior classi-
cation criteria: thickness, symmetry and presence of features on the intact surfaces (Figure 1). This
taxonomy helps identify cases that can be ef ciently handled by specialized algorithms (see special-
ized methods in Section 2)|or exploit rich content, where available. For example, relatively thin surfaces
can be treated as 2D embedings in three-dimensional space, substituting the notion of a break surface
with that of a break line in the reassembly stage. Symmetrical objects, such as vessels, can effectively
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Fig. 1. A high-level taxonomy of broken artefacts with respect to geometric priors with some examples.

exploit the axial symmetry to reduce the optimization parameters for the pose estimation of the frag-
ments (e.g. potsherds) and allow the symmetrical expansion of the resulting fragment clusters in order
to complete them.

2.1 Reassembly

In computational archaeology, typically the  reassembly or puzzling problem is described as the process
for the identi cation of potentially fractured parts/regions of an object, the search for corresponding
pieces within a fragment collection and nally the clustering and pose estimation of multiple parts that
result in a virtual representation of (partially) reassembled objects. For non- at, three-dimensional
fragments, the process typically starts with the digitization (e.g. 3D scanning) of the physical frag-
ments and continues with the pre-processing of the fragment geometry in order to extract usable geo-
metric priors, such as break curves or surfaces, features and global descriptors. Subsequently, pair-wise
combinations of the fragments are tested for alighment and a matching score is computed. This step
usually begins with a global registration process that examines the solution search space for a good but
rough alignment, which in turn initiates a local registration process in order to re ne the solution. The
complete set of pair-wise results subsequently drives the multi-part clustering and alignment, where
complete objects are formed by nding the global position for each fragment. Existing methodologies
can be split in three categories based on the dimensionality of the problem and the assumptions made
for speci ¢ data collections.

The rst category addresses the problem in two-dimensions, as for certain at objects it is safe to
make this assumption without affecting the quality of the solution. Two representative methods of this
category, described in [Kong and Kimia 2001] and [da Gama Leitao and Stol 2002], use elastic curve
matching, while others rely on textural information [Sa | giroglu and Ercil 2005] or a combination of both
[Zhang and Li 2014]! Recent approaches also target cases with missing data. Koller and Levoy [2006] in
order to address heavily eroded fresco fragments, use manually placed markings on 2D representations
of the fragments. Huang et al. [2013b] use a similar idea for images, by extrapolating and matching
salient feature curves, while Poleg and Peleg [2012] extrapolate whole image fragments and use the
generated parts in order to perform the alignment with other pieces.

The second category includes methods that operate in a restricted 3D space by either reducing the
search space parameters or by constraining the parts on existing template shapes. Typically these
methods focus on fresco fragments and potsherds. The most representative work on fresco fragments
is by [Brown et al. 2008], where the perimeter of each fragment (its ribbon) is uniformly sampled and
registration operations are performed on a 2D plane using contour matching. In a similar fashion,
Sanchez and Vidal [2012]|discretize the fracture ribbon using orthographical projection on the Graph-
ics Processing Unit (GPU) for a performance boost. Matching operations are performed over a shape
descriptor using a hierarchical scheme.
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In the case of potsherds, the problem is usually addressed by using estimates of the axis and pro le
curves with most notable the works of Kampel and Sablatnig [2004] and Willis and Cooper [2004], as
well as the more recent approach by Son et al. [2013].|These estimation approaches are known to suf-
fer in terms of robustness, when potsherds are very small or eroded. In the rst case, the estimation
of the axis may prove unstable, while in the latter, reliable correspondences cannot be easily found
for smoothed out break curves. In order to address these issues, Cohen et al. [2013] perform the re-
construction using surface features (weighted curve moments) and template objects. Similar ideas are
used for the reconstruction of skulls by Wei et al. [2011] ahd Li et al. [2011], where prede ned template
objects guide the assembly.

The nal category involves methods that try to solve the reassembly problem in the general 3D
case with free-form fragments. Several approaches of this category avoid the dif cult global registra-
tion step by specifying constrains or enforcing particular matches [Parikh et al. 2007], [Mellado et al.
2010], [Palmas et al. 2013]| but here we focus on more automated approaches. Papaioannou et al. [2001]
were the rst to address the problem by providing a complete reassembly pipeline. Under the assump-
tion of nearly planar surfaces with adequate matching area, fragment matching is performed using
GPU-accelerated distance queries. Huang et al. [2006] later presented another complete reassembly
solution, that utilized features on the fractured regions in order to register adjacent fragments. Using
multi-scale descriptors, feature groups are extracted and used in a forward search registration strat-
egy. Results are re ned using local registration both on the contact surface and the boundary edge of
the fractured areas, an approach also adopted earlier in [Papaioannou and Karabassi 2003]. Altantset-
seg et al. [2014] extract features on the fractured surfaces, which are subsequently grouped to generate
curves. Fourier coef cients are computed for each curve and matching is performed using their total
energy.

Feature-based approached require surfaces with rich intrinsic geometric information. However, CH
objects frequently suffer from weathering effects, which smooth out such features. Thuswaldner et
al. [2009] in order to address this issue, combine the feature-based reassembly scheme of Huang et
al. [2006] with the identi cation of planar surfaces and straight lines in order to align rectangular
shaped fragments in the archaeological site of Ephesos. Zhang et al. [2015b] ih a more recent ap-
proach, combine the use of template objects along with a feature based fractured region matching
algorithm. The registration of the fragments with the template object is performed using the SHOT
descriptor [Tombari et al. 2010]. |For the fractured region matching, the authors extract and register
feature curves from the fracture areas. Winkelbach and Wahl [2008] propose a feature-less approach
for the pairwise registration problem that maximizes contact area, using a branch-and-bound search
heuristic. In our work, in order to match fragments that share signi cant contact area, we use the
feature-less approach of Mavridis et al. [2015b] that uses a progressive global-to-local optimization
scheme utilizing an ", metric with low values of pin order to partially address noise and outliers. An
extension of the later was presented in [Ahdreadis et al. 2015], where feature curves from the intact
surfaces of the objects are also introduced in order to address the matching of adjacent fragments with
a minimal or even absent matching surface.

2.2 Object Completion

When reassembly has taken place, parts of the object to be restored are often still missing. Also, due to
possibly varying degrees of erosion affecting different reassembled parts, the level of preserved detail
among clustered fragments may vary. In order to partially or fully compute a prediction of the missing
geometry, several shape completion methods may be applied, distinguished by whether they rely on
information intrinsic to the given geometry or external data.
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2.2.1 Object Completion from Internal Reference. The use of internal references to accomplish a
completion of damaged objects is based on the assumption that for man-made objects we can very
often nd enough information in the object itself to replicate the missing geometry. In a broad sense,
the main concept involved is the search for self-similarities. This information can help to nd internal
relationships such as region replication and symmetries.

Symmetry is one of the main geometric priors used in the repair of CH objects. For example, a method
to reconstruct ancient Chinese architecture was proposed in [Li et al. 2014], where global re ective
symmetries are detected from a point cloud and used to reconstruct the large missing regions, while
local symmetries are used to Il small holes. Likewise, Sipiran et al. [Sipiran et al. 2014] proposed a
symmetry-invariant surface function based on the heat diffusion theory to reveal good approximations
of symmetric points, even for damaged objects. The symmetric points can generate potential symme-
try planes, which can be used to replicate missing geometry. More recently, Mavridis et al. [2015c]
proposed an optimization formulation to generate missing geometry based on global symmetries in
3D objects. The method introduces a sparse optimization that enforces the partiality of overlap on
replicated geometry.

A second variant of using internal references in object completion is the exploitation of local similar-
ities. Harary et al. [2014a] proposed a method to complete the surface of a 3D object by looking for good
correspondences in other regions of the object. The method uses a variation of the Heat Kernel Sig-
nature descriptors [Sun et al. 2009] to nd correspondences. Subsequently, a careful merging method
copies similar patches to produce a fair surface. Under the same approach, Harary et al. [2014b] used
the HKS-based descriptors to complete regions, which were previously obtained through a combination
of curve analysis and user interaction. Sharf et al. [2004] de ned a volumetric approach to nd local
similarities between regions on the surface of an object. When a good set of correspondences is found,
the method applies a combination of iterative rigid and non-rigid transformations in order to complete
the missing surface.

2.2.2 Object Completion from External Reference. All of the object completion approaches men-
tioned so far assume that the missing parts can be generated by solely exploiting the existing geom-
etry, since most man-made objects usually feature multiple occurrences of self-similarities. However,
there are cases, where relying on self-similarity alone will not result in admissible objects, since distin-
guished, unique features and parts may be completely missing. As mentioned by Gregor et. al. [2014]
a restoration pipeline could thus employ strategies that rely on external reference. The approach out-
lined there queries a repository of external objects to nd and transfer missing geometry to an incom-
plete cultural heritage object.

Essentially, nding suitable shapes in an external repository can be considered a variant of the
partial 3D retrieval problem for which a substantial number of methods have been published so far.
However, when incorporating such an approach in a restoration pipeline, several additional dif cult
problems arise. First, once a suitable external object has been retrieved, its scale needs to be adjusted
to match the size of the incomplete object. Second, the parts of the external objects that should be
transferred to the incomplete object need to be identi ed. Once suitable parts have been identi ed,
their transfer to the incomplete object requires a non-rigid alignment to avoid implausible seams. Fi-
nally, if the level of detail of the external objects differs from the incomplete object, this could also lead
to implausible results, unless local details are transferred from the intact surfaces of the incomplete
object to the synthesized parts or vice versa.

Several interactive techniques have been proposed, which address related problems to a certain de-
gree and are generally not speci ¢ to the CH domain. Mellado et al. [2016] proposed a semi-automatic
registration approach based on the Growing Least Squares descriptor that recti es the scale of the
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source object in the process. However, since the method is intended for the combination of multi-modal
or partial scans, it assumes uniform scaling and true similarity of the source and target object. In
our case, none of these conditions hold, as the dimensioning and the structure of the repository ob-
jects may be signi cantly different. Lee et al. [2008] rely on a series of user-provided sketches that
steers both the process of nding suitable external objects and the global scaling and alignment of the
template to match the incomplete object in a plausible way. However the approach does not include a
non-rigid registration and also does not compensate for different levels of local detail among incom-
plete and external objects, both of which impact the method's practical use for real-world collections of
CH objects. A problem that is highly related to the latter shortcoming has been solved by Takayama
et al. [2011] by proposing an interactive method that enables a user to select corresponding patches
between several shapes in order to transfer small-scale local texture between them. Although several
published methods address the problem of non-rigid registration between different 3D models [Lietjal. |
2008]|, [Zhang et al. 2015a]| [Yang et al. 2015], |their practical applicability within a completion system
based on external references is uncertain.

3. PIPELINE OVERVIEW

The restoration pipeline consists of two broad work ows, reassembly and completion. Taking as input a
number of digitized fragments, the reassembly stage produces clusters of properly aligned parts, which
can be visualized and exported for further use. The resulting clusters are subsequently forwarded to
the object completion stage, where symmetrical expansion of the geometry and fragment fusion can
be performed. Also, using the symmetrically predicted shape of the whole object, the missing parts
can be calculated and exported. The reassembly work ow is implemented within the Virtual Repair
and Measurement Workspace (VRMW) reassembly system, while the object completion steps are per-
formed via individual tools. More details about the individual methods and the software work ows
involved are discussed in Sections 4 aind § and an overview of the stages has also been presented as a
poster at SIGGRAPH 2015 [Andreadis et al. 2015]. The software, which was developed as part of the
PRESIOUS EU-funded project, is available for download from the project web site: http://presious.eu.
The restoration pipeline stages and the data ow are illustrated in Fig. 2 andl prie y discussed below.

3.1 Preprocessing

The meshes of the (potentially partially) scanned input parts are rst pre-processed, in order to approx-
imately classify surface regions as potentially fractured and intact. This is done primarily for robust-
ness, to avoid subsequent pairwise registration operations resulting in trivial, yet undesirable matches

Optional, Reassembl
(.F _____ ). ................ -p| Salient Curves on Intact y K-Sparse

_________ surfaces L. Optimization

Completion

ey Combinatorial Multi-part Symmetry- Merging Missing Parts
Pairwise based and

Preprocessing Opnmie Solver Refinement Completion Annotation Computation

Potentially Fractured HKS Symmetry
Surface Set Detector

A 4 A 4

Fragment meshes Fragment assemblies Predicted shape Repaired geometry Complementary parts

Fig. 2. The object restoration pipeline. Optional data ow paths are indicated with dashed lines.
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between at intact surfaces. Performing the surface registration only on the potentially fractured sur-
face setalso increases ef ciency, as the exclusion of the intact facets from the geometric comparisons
reduces both the number of redundant distance queries and the search space.

Feature Curves . After an attempt to automatically assemble fragments into clusters, certain frag-
ment combinations may have a very small usable contact surface or none at all, especially if they have
sustained heavy erosion or mechanical damage, or a signi cant part of their connecting structure is
missing. In most cases, this leads to erroneous matches, that cannot be resolved with the comparison
of contact surfaces only. For these fragments, we may perform an additional, user-guided process-
ing step, where we extract and exploit more reliable constraints stemming from prominent linear or
curved structures on the intact regions of the fragments. We detect such structures and extract and
extrapolate curves that closely follow their trajectories. These  feature curves take part in all fragment
registration stages, when available, signi cantly improving the accuracy of alignment and the delity

and extent of the nal assemblies. This idea can be also used for the assembly of structures from in-
dividual (and potentially intact) elements belonging to a larger construction (e.g. entire stone blocks)
that have inherently smooth, mostly featureless contact surfaces.

3.2 Reassembly

Pairwise optimization . Preprocessed fragments can be selected to participate in a reassembly task.
The rst part of reassembly is the generation of all combinations of potential matches between frag-
ment pairs. Each identi ed fractured region on each fragment in the reassembly set is optimally
aligned against fractured regions of all other pieces, using its surface geometry and a respective match-
ing score is recorded. Optionally, we can trigger the inclusion of feature curves in the alignment pro-
cess, as explained in the previous paragraph. The pairwise results are stored in a cache, so that they
can be re-used in future experiments. This way, when introducing a new piece to a reassembly, the
pairwise registration, which is one of the most costly operations of the reassembly pipeline, is incre-
mentally performed only for the new fragment combinations formed.

Combinatorial solver and multi-part re nement . Having generated all combinations of fragment
matches, the multi-part reassembly procedure is then initiated. Here, the set of matching pairs is
explored and objects consisting of multiple fragments are generated, forming an acyclic graph of frag-
ments and taking into account inter-part penetrations in the process. The pose of the individual frag-
ments in the resulting clusters is nally re ned using all geometric information available (surfaces

and feature curves) to produce the nal, reassembled objects.

Reassembly work ow . From the user's perspective, the above steps are completely abstracted; With
the candidate fragments selected, the user triggers the reassembly task and after the multi-part re-
nement is complete, the resulting clusters are presented in the 3D workspace (Fig.3 - I€ft). Manual
exclusion or enforcement of combinations can take place between reassembly cycles and a new experi-
ment can be initiated. Additionally, a reassembly report is produced with measurements (contact area,
average distance) about the delity of the proposed clustering as shown in Fig.3 - fight.

3.3 Completion

Object Completion . After the reassembly of fragments, there often remain missing parts in the ob-
ject, since not all original fragments may have been available to the reassembly stage, or since parts
may have eroded away. In the absence of information about the complete original shape, one may
rely on self-similarity, or similarity to existing complete objects to generate plausible completions. We
support two approaches for objects exploiting the idea of self-similarity. The rst approach computes
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a Virtual Repair and Measurement Workspace EnesTousil

Reassembly Summary

Fig. 3. Reassembly example using the VRMW software. Left: the workspace and reassembly options. Right: rst page from the
generated reassembly report.

candidate symmetry planes based on local shape features. A voting scheme decides for a best ranked
symmetry plane and completes the object by symmetrical geometry replication. Our second approach
is applicable in case of general symmetry or when we cannot rely on presence of local features. This
approach, which is not restricted to planar symmetries, computes a partial self-registration of the in-
complete object with itself, hence repeating local object structures to eventually complete the partial
shape. For details please refer to Section

Merging and Annotation . The reassembled fragments along with the geometry of the completion
step are then merged to form a nished object, i.e. the geometry that represents the shape of the
original, unbroken object, as closely as possible. The merging step may include lItering operations to
smooth out small discontinuities, which remain after the registration steps, such as smaller cracks
between reassembled and completed parts of the shape (see Section As it is important to retain
information about the nature and origin of the geometry, we automatically markup (annotate) the
parts of the restored shape as belonging to a) the fragment set, b) detected fracture surfaces, and c)
the completed (generated) shape.

Missing Parts Extraction . After successful completion, we may extract the parts missing from the
assembly by subtracting the assembled parts from the symmetrical expansion, using appropriate op-
erators (see Section b.3). The extracted models can be used for physical restoration of the shapes, e.g.
by 3D-printing them.

We note that the goal of the completion stage is to propose plausible complete shapes, keeping in
mind that the original artifact may have looked differently. Hence, completion is an optional step, use-
ful among others for interpretation-based visualization or physical restoration purposes (see below).
The annotation step described above provides relevant information to inform domain-speci ¢ analysis
on the reassembled and restored shapes. We also note that, while our completion methods work auto-
matically, this stage is intended to be a supervised procedure, since user interaction may be required
to re ne the completion process or reject implausible completion candidates.
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Virtual Repair and Measurement Workspace

Feature Curve

Extraction Feature Curve

Extraction Tool

Fig. 4. Fragment preprocessing steps (left) and corresponding work ow in the VRMW sofware. The two compulsory pre-
processing steps (segmentation and classi cation - top inset) are optionally followed by a feature curve extraction procedure
using the feature curve extraction tool (bottom right), to increase the geometric priors available during the registration stages.

4. REASSEMBLY

In this section we provide more details about the three main tasks in the reassembly pipeline, i.e. the
fragment preprocessing, the pairwise registration and compatibility testing as well as the multi-part
registration and clustering of fragments.

4.1 Fragment Pre-processing

The fragment pre-processing is illustrated in Fig. 4 -[Bottom). We initially extract distinct facets of the
fragmented objects using either a straightforward region-growing segmentation algorithm (default op-
erator) or hierarchical agglomerative clustering (JAndreadis et al. 2014]). In both cases, the deviation
of surface normals in local neighborhoods is used as the stopping criterion. The segmentation is re-
evaluated in a cleanup step, in order to eliminate small segments, which are assimilated by larger,
neighboring regions. The resulting segments are classi ed as intact or fractured by using a threshold-
based approach that relies on measurements of local surface descriptors. The VRMW user can choose
between two surface descriptors, local bending energy [Huang et al. 2006]/and sphere volume integral
invariant [Pottmann et al. 2009], computed over three different scales. For each descriptor-scale pair,
any of the following statistical properties can be used: segment average, median or variance and seg-
ment local variance of average and median. The local variance measurements are computed as the
variance of the metric in an Euclidean neighborhood around each surface point.

The segmentation of the input fragments and the clustering are performed within the VRMW soft-
ware (Fig. #]- middle top). The complete segmentation functionality, along with all options available
in the VRMW system, can also be found as a Meshlab plugin, available through the of cial repository
and the PRESIOUS project web site.

As mentioned in the pipeline overview, fragments with heavily damaged or very smooth fracture
surfaces provide little or no usable contact support for surface-based registration. If problematic reg-
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istrations appear in the reassembly solution, the user can generate a number of feature curves corre-
sponding to salient structures on the intact surfaces of a fragment to further constrain the registration
process, by requiring the continuity and registration of these features between adjacent parts [An-
dreadis et al. 2015].

The feature curves are generated using the Feature Curve Extraction Tool, launched from within
the VRMW main application. With the graphical user interface of the tool the user can create groups
of features, add or remove mesh points to them using a brush tool directly on the 3D model, set curve
estimation parameters and constraints and export the data to VRMW or other auxiliary visualization
applications. To de ne a feature curve, the user creates strokes on the mesh that include or cross part
of the desired salient feature. Using mean curvature at multiple scales as a local descriptor, a subset
of the selected points, where the local minima and maxima of the descriptor appear, are marked as
belonging to a salient feature. Subsequently, we perform a thinning process using the skeletonization
method of Huang et al. [Huang et al. 2013a] and the resulting point set is approximated using a
parametric curve (2nd degree B-spline) via least-squares tting.

Points near the curve trajectories with similar descriptor values are assimilated and adjoining curves
are iteratively merged and re-evaluated. The resulting feature curves are densely sampled and pre-
sented to the user, along with their extrapolated parts beyond the extents of the fragment that will be
used in the matching step. Since we are only interested in features that span across multiple frag-
ments, we keep feature curves with at least one end near a fractured facet and discard the rest.
Furthermore, each feature curve is associated with the fractured facets it is adjacent to or crosses.
During the pairwise matching stage, only feature curves associated with the particular facets under
examination are considered.

4.2 Pairwise Registration

The core of our reassembly system is a hybrid surface- and curve-based pairwise global registration
approach, which is performed for all pairs of facets identi ed as potentially fractured that belong to
distinct fragments. Our approach combines the feature-less rigid geometric registration of Mavridis
et al. [2015b] for the fractured surface of the facets with the alignment of the extracted feature curve
point sets of the intact object's surface, as proposed by Andreadis et al. [2015]. While several feature-
based approaches have been proposed for the fractured faces, the extraction of reliable features is
challenging, especially under the presence of heavy erosion, partial geometry and noise. On the con-
trary, several works such as [Aiger et al. 2008], [Mellado et al. 2014] and [Mayridis et al. 2015b],
demonstrated that automatic global rigid registration can be performed without relying on features.
Given the point clouds of two potentially fractured facets X and X°© belonging to two distinct frag-
ments with surface geometry Gand G°, we search for the rigid transformation M, that simultaneously
minimizes both the distance between them ( Fg,¢ term) and the distance between the feature curves
associated with each one (Fcyre term):

arngin (c Fsut +(1  ©) Feurve): Q)

where cis a balancing constant (typically set to 0.5).

In particular, the Fgy¢ term is calculated based on the distance of points on the fractured surface
X of the rst fragment from the surface  G° of the second and vice versa. The individually measured
Euclidean distances are concatenated in a distance vector whose ", metric is computed. We perform
the same calculation for the other fractured surface and the sum of the two “p Metrics comprise the
Fsut term. The use of an ", metric with 0 < p < 1 de-emphasises the contribution of outliers and
non-contacting parts of the fragments, signi cantly increasing the robustness of the registration.
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Fig. 5. Pairwise registration. Left: Potentially fracture surface point sets (X; X9, surface feature curves ( S;S9 and extrap-
olated curve samples (E; E 9 — see text. Middle top: example of truncated (signed) distance eld. Middle bottom: Registration
results without and with penetration testing and penalization. To better illustrate the mutual penetrations, the fragment in

front is rendered with transparency. Right: Reassembled object using both surface- and curve-based metrics.

For the Fcuve term, we must minimize the distance between the feature curve points on the intact
surface of one fragment and the extrapolated points on the curve of the other and vice versa, as illus-
trated in Fig. 5] left. In this gure, we denote as E and E° the extrapolated curve point sets and as
S and SP the surface feature-curve point sets associated with fractured facets X and X ° respectively.
Again, the (two-way) curve distances are combined with the ~ *; metric to form Fcypve -

The extrapolated feature points E and E° are essentially a hypothesis we make for the shape of
the extents of the features S and S°on the intact surfaces and the farther a point on the extrapolated
curves is from the fractured surface, the larger the uncertainty about its true location becomes. In order
to properly model this, when using these points in the registration process, we apply an exponential
falloff weight to the measured distances the farther the extrapolated samples are from their associated
fracture surface. These weights are determined during feature curve extraction.

Eq. combines the potentially contradicting terms Fsut and Feuve In a single process, with the
additional requirement for a global optimum, leading to a non-convex optimization problem. To solve it,
we rely on the three-level coarse-to- ne search strategy of Mavridis et al. [2015b], [2015a] thal is both
ef cient and robust. The method rst coarsely aligns the two fragments based on a given pair of regions
(facets) identi ed as fractured on each part. For facets with incompatible surface area, an alignment
procedure based on the Random Sample Consensus (RANSAC) strategy is performed. Similarly sized
facets are aligned using the centroids and average facet normals. Subsequently, a reduced-search-space
global search is performed using a Simulated Annealing variant followed by a local re nement of the
alignment employing one of the Iterative Closest Point methods available in VRMW, such as Sparse
ICP [Bouaziz et al. 2013]/

A very important factor for the convergence ef ciency of the above optimization method is the use of
fast data structures for the calculation of the distance function. Due to their small number, curve points
are directly indexed using k-d trees and their distance is accurately calculated. Point-to-surface queries
for the iteration-heavy levels of the global search employ a discretized, truncated approximation of
the target surface distance eld (Fig. 5 [ Jniddle top). The re nement step, consisting of only a few
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Combinatorial optimization with penetration testing Iterative Refinement

6.2
7.3

Fragment penetration Penetration penalization

MSF recalculation

only surface registration feature curves &
surface registration

Fig. 6. Multipart registration stages. Left: Example of penetration-based re-weighting of pairwise combinations during the
combinatorial optimization. Right: Iterative solution re nement employing both contact surfaces and feature curves. The re ne-
ment step required 5 seconds to complete.

iterations, switches to accurate distance queries. Distance elds are automatically generated for the
input fragments by the VRMW and persistently stored for future use.

The calculated distance eld is also used for the prevention of inter-penetrating parts. Especially for
closed meshes, the distance eld can register negative offsets from the fragment's surface, which during
point-to-surface distance calculations can be penalized, repelling the contacting surfaces as a result
(Fig. B]- middle bottom). For curve-constrained reassembly, penetration is also detected and prevented
by the constrained offsetting of one of the fragments along the extrapolated curve trajectories.

4.3 Multipart Reassembly

Given the set of all pairwise registration results and corresponding matching scores, a multi-part op-
timization stage is performed to produce one or more clusters of fragments. Multi-part reassembly
consists of two steps, the combinatorial optimization of pairwise matches and a nal geometric re ne-
ment of the fragments' pose in the cluster(s).

We represent the solution space as a graph, where each node is a fragment and pairwise matches
are the edges between nodes. The discovery of prevailing combinations and therefore solutions to the
3D puzzling problem is directly mapped to nding the Minimum Spanning Forest of the graph, which
is computed using Kruskal's algorithm. Since pairwise matches are only locally evaluated up to this
point, this process might lead to overlap of partial clusters. In order to eliminate these occurrences,
we employ penetration tests during the merging operations of sub-forests. If a penetration is found,
the edge weight is readjusted by a xed value and the algorithm continues (see Fig. 6 - [dft). If a
dead end is detected, i.e. all other valid edges have been tested and the penetration still occurs, we
backtrack by re-adjusting all the weights to their original values and modifying the weight of the
previously accepted edge. For a reassembly set with N fragments and an average number of facets F
per fragment, the overall complexity of the multipart registration process is O(N®logN), since we may
have O(N) restarts of Kruskal's algorithm with complexity ~ O(FN 2log(FN 2)) = O(N ?logN).

A common issue of the multi-part reassembly is the propagation of small misalignments down the
chain of connected parts. In order to improve the registration of the reassembled object, we re ne the
position of the fragments with an iterative multi-part local registration step that uses Sparse ICP and
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takes into account both feature curves and surface points (Fig. 6 {1ight). We avoid having to optimize
an arbitrarily large number of parameters, which correspond to the transformation parameters of all
fragments; instead of simultaneously optimizing all fragment transformations in a single optimization
problem (bundle adjustment), we perform sequential multi-part alignment iteratively, until stabiliza-
tion. In each iteration, every fragment is repositioned against all other fragments, which are treated
as a single part. For each fragment, we minimize the distance of all of its points in contact with all
other fragments and all of its associated extrapolated points on the feature curves against all other fea-
ture curves, using the same metrics as in the pairwise alignment. Points on the current fragment are
considered to be in contact with other fragments if they are closer than a threshold to other surfaces,
regardless of whether they belong to a fracture or not. Simultaneously optimizing contact surfaces and
feature curves allowed us to accurately rectify distortions even when the contact of fragments could
not be cross-validated with other neighboring pieces, as is the case in the example of Fig. 6 -[right.

5. OBJECT COMPLETION

The assembled pieces can drive an object completion stage, as explained in the pipeline overview. The
predicted shape, which in our work relies on generalized symmetries, can be used for the estimation of
the missing geometry either for visualization or for fabrication purposes.

5.1 Symmetrical Expansion of Clusters

The rst step in our completion pipeline is based on the observation that many cultural heritage
objects exhibit properties of self-similarity and symmetry. Therefore, the missing parts of a globally
symmetric partial object can be predicted by using information from the existing parts. However, the
biggest challenge in this process is the detection of partial symmetries in the incomplete dataset.

Symmetries can be generally classi ed as planar (re ectional), rotational and translational. To ad-
dress the problem of missing parts completion in CH objects, we have integrated in our system the
highly-accurate planar symmetry detection approach by Sipiran et al. [2014]. This method is based on
the detection of salient features in the input dataset, using a modi ed version of the Heat Kernel Signa-
ture [Sun et al. 2009]. Because this approach can be less accurate for smooth featureless surfaces and
to handle the remaining cases of rotational and translational symmetries, we have also integrated in
our system the registration-based featureless symmetry detection approach of Mavridis et al. [2015c].
This approach does not require any preprocessing and is more general, but it can be less accurate when
the detected symmetries depend on small-scale geometric features.

In the remainder of this section we brie y describe these two approaches. For further details, the
interested reader is referred to the relevant publications.

5.1.1 Symmetry Analysis based on Heat Diffusion. The heat diffusion theory on surfaces is a key
concept to understand 3D structures in multiple scales. The process of heat transfer on a 3D object
can be formulated as a partial differential equation that can be ef ciently solved through the spectral
analysis of a appropriate differential operator de ned on the surface of the object. The heat kernel (the
solution of the equation) can be computed from the eigenvalues and eigenvectors of the differential
operator and it contains multi-scale information about the properties of the 3D object, including the
information about symmetries.

By exploiting the heat diffusion theory, we proposed a multi-scale function H that is invariant to
re ectional symmetries (Fig. 7(p)). That is, if two points x and y on the surface are symmetric corre-
spondences, then it follows that H(x) H (y). The challenge in the detection of symmetries in broken
or damaged objects is to consider global information (symmetries) and local information (invariance to
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Fig. 7. Stages of Symmetry analysis with Heat Diffusion. (a) Original input shape. (b) Surface function H (x) invariant to
symmetry and missing parts. (c) Local maximum vertices are detected as potential symmetric points. (d) The candidate plane
with the highest votes after the symmetry validation method.

missing geometry) at the same time. However, with our multi-scale analysis we can deal with varied
degrees of damaged objects.

Symmetric correspondences. The rst step of our algorithm is to compute the function H on the
surface of the input 3D object. We only preserve the points with local maximal values of the func-
tion, which correspond to outstanding regions in the 3D object. We noted that this subset of points
always contains symmetric correspondences (see Fig. 7(¢)). Therefore, every possible pair of points is a
potential indication of the presence of re ectional symmetry.

Symmetry validation. For every pair of detected points, we generate a hypothesis of symmetry that
requires validation. Our algorithm computes the bisector plane for a given pair of points and accumu-
lates evidence of the presence of symmetry for that plane. We randomly select pairs of points in both
sides of the symmetry plane and evaluate several geometric properties: distance to the plane, nor-
mal coherence and local feature similarity. We associate random point pairs to corresponding weights
which are nally accumulated as votes for the planes. Planes with the highest votes are considered as
symmetry planes (see Fig. T(H)).

Re nement. The symmetries found in the previous step are only approximate and cannot be directly
used to mirror the input shape. We need to apply a registration algorithm in order to re ne the small
misalignment between the input and the re ected shapes. We used the well-known lIterative Closest
Point algorithm for this nal re nement step.

All of the above steps involved in the symmetrical object expansion using heat diffusion are per-
formed using our Symmetry-based Completion Tool, which can be found at the PRESIOUS project web
site.

5.1.2 k-Sparse Optimization Approach. This partial symmetry detection algorithm is based on the
simple observation that if we use a registration algorithm to align a shape with itself, then by recording
all possible solutions we are essentially detecting the symmetries and self-similarities of an object.
The completion of a partial object is performed in three stages: rst, the underlying symmetries of
the input are detected, then these symmetries are used to iteratively replicate parts of the object and
nally accumulated registration errors are relaxed. These steps are detailed below.

Symmetry detection. As previously noted, rotational and translational symmetries are detected by
registering the input object with itself. For re ectional symmetries, we register the object with its

re ection (along a random plane). If we apply the symmetry transformation M to the set of existing
points X, something that we will refer as symmetric expansion or replication , we will get a new set of
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points X% The key observation of the k-Sparse Optimization algorithm [Mavridis et al. 2015c] is that,

if we detect and use an optimal symmetry transform that results in a total overlap between X and X?©,
then we do not get any new points after the symmetrical expansion, since both X and X9 represent
the same points. In order to generate new surface points, a suboptimal transformation is required,
that guarantees that at least k-percent of the points (or surface) of the objects is non-overlapping . In
the original k-sparse publication, the authors have modi ed the well-known Super4PCS algorithm to
reject solutions that do not satisfy the above criteria, however similar modi cations can be performed

in other registration approaches, too.

Iterative Replication. A single symmetrical expansion might not be enough to complete all the miss-
ing parts of an object, as shown in Figure 8[Jo this end, the algorithm should run iteratively, until
the shape of the object has converged and new non-overlapping points are not generated or until a
pre-de ned maximum number of iterations is reached. To make this process more ef cient, the same
self-similarity transformation is reused in all iterations, thus reducing the cost of additional iterations
and replications.

Global Error Relaxation. Since the method iteratively applies the same alignment transformation,
registration errors are accumulated and propagated in every iteration. To overcome this problem, we
apply a global error relaxation approach, similar to Multiview ICP ( bundle adjustment ).

5.2 Merging of Reassembled and Completed Objects

The output of the reassembly and the subsequent symmetrical expansion is still a set of independent
parts, possibly with overlapping and duplicate geometry. The next step in our framework is to gener-
ate a unique, watertight model for the completed object. The current method to accomplish this goal
is based on a Poisson reconstruction method [Kazhdan and Hoppe 2013] that removes the internal
fracture surfaces and guarantees a watertight, manifold model as output (Figure 9 - 1¢ff).

5.3 Complementary Shape Extraction

The nal step in our work ow can be used to export the predicted missing parts of the object. These
could in turn be supplied to a 3D printer to produce suitable parts for a physical reconstruction of
the CH object. Given the previously computed result in the work ow, missing parts can be obtained
by computing the difference of the completed object and the aligned fragment set (i.e. result of the
reassembly stage). To address limitations of current 3D printers, a subsequent post-processing step
is required to discard parts with too small diameter. This nal step requires the elimination of the
fractured surfaces classi ed using the algorithm described in Section 4.1 ]

Fig. 8. Iterative completion of the embrasure shape using rotational symmetry. The k-sparse completion algorithm requires
three iterations to converge. In the forth iteration, new geometry is not generated and the algorithm terminates.
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Fig. 9. The symmetrical expansion, merging and complementary geometry calculation process.

Nevertheless, a simple boolean difference between the volumetric representations of two shapes is
not suitable for the determination of accurate missing parts, since it depends on the resolution of the
volumetric representation. Instead, we devised a method based on point cloud processing to get the as-
accurate-as possible missing geometry, which is explained below and illustrated in Figure 9. Thé inputs
are the original shape S and the symmetric counterpart  S° Our method is divided in two stages, one
for extracting the external (intact) surfaces of the missing geometry and one for generating its fracture
surfaces. To compute the intact surface of the missing part, we proceed in the following way:

Geometry ltering by distance. For each vertex v®in SO locate the nearest neighbor v in S. If
dist(v%v) < (where is an adequately small threshold), then vCis marked for removal. Conversely,
if dist(v%v) > 10 (points are far enough) and the normals of v and v°are similar, then point v®is
also marked. Finally, marked vertices and their corresponding triangles are removed from se,

Geometry ltering by fracture support. The previous ltering could break the connectivity of SO so
it is mandatory to check which connected components should remain. After identifying the connected
components, for each one we record the percentage of nearest points on the original shape belonging

to fractured facets and only keep connected components with more than 50% of vertex proximity to a
fracture. This effectively eliminates patches nearly overlapping the intact surfaces of the fragments.

To compute the fractured surface of the missing part, we proceed in the following way:
Approximate missing part computation. The rst step is to compute an approximation of the
missing part by applying a volumetric boolean difference B = S° S. It is worth mentioning that in
this step resolution is not important, as we only need a very rough approximation to guide the search
for the accurate fracture surface. Note that the boolean operation guarantees that B and S are disjoint,
and therefore the only shared surface between both is the fracture surface we are looking for.

Extraction of the fractured surface. We perform the extraction applying a nearest neighbor search

in point clouds. For each vertex in S, we only keep the vertices with a nearest neighbor in  B. Note
that this is feasible given the observation in the previous step. Both the intact and fractured surfaces

of the missing part are merged to obtain the nal complementary geometry. Some examples of our
complementary shape extraction algorithm can be observed in Fig. 10[ ]
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Fig. 10. Examples of complementary shape extraction. Top: the reassembled objects. Middle: extracted complementary shapes
after subtracting the merged reassembled parts from their symmetrical expansion. Bottom: the isolated complementary parts.

6. CASE STUDIES AND EVALUATION

In order to evaluate our pipeline, we performed several experiments with real cultural heritage data,

a subset of which is presented throughout our gures. In this section we comment on our results at a
high level. A very detailed evaluation of individual algorithms and measurements can be found in the
PRESIOUS project 1st Evaluation Report, Sections 3.1 and 3.2 [THeoharis et al. 2015]. |

6.1 Case Studies

Most of the objects presented are from the archaeological site of the Nidaros Cathedral in Trondheim,
Norway but there are also parts scanned at the archaeological site of Elefsis, Greece. Some of the
examples in this paper also include contemporary clay objects, which were involved in the quantitative
evaluation of our methods. The inclusion of non-CH objects in our test data helped us also cover a
wider range of shape classes according to the categorization presented in Section 2.[ |

For the reassembly task, since for actual fragmented archaeological nds the results could not be
compared against a reference geometry, we evaluate the quality of the resulting experiments mostly
by visual inspection. In order to perform a quantitative evaluation of our method, we performed exper-
iments with non-archaeological models, which we also scanned before fracturing in order to have real
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reference models. We have also performed individual tests for pairwise alignment performance eval-
uation under different degrees of fragment degradation and multi-part reassembly tests with single-
object parts and mixed puzzles.

The above limitations also apply to the case of the object completion task, since the real completed
object is not available for comparative study. Therefore, we only use CH objects in the evaluation to
check the suitability and robustness of our algorithms. Again, this evaluation was mostly performed
with visual inspection. Between the criteria used to evaluate robustness we consider the generation
of manifold meshes, the introduction of surface defects and the smooth transitions among real and
synthetic geometry. Additionally, we created a benchmark of synthetically fractured CH objects using
the Hampson dataset as reference [Gregor et al. 2015].|This benchmark contains the complete object
and fragments that can be used to test how well a completion algorithm performs. For this evaluation
we only performed experiments on the method by [Sipiran et al. 2014].

6.2 Reassembly Evaluation

The correctness of the clustering and alignment of fragments for real archaeological datasets relies
on visual inspection, as there are no ground-truth data for this purpose. Nevertheless, in most cases,
inspection of the resulting 3D models can easily indicate failures and deviations, especially when a
slight misalignment propagates a potential error down an entire chain of connected parts.

For the evaluation of our reassembly pipeline, we performed all assemblies using the VRMW re-
assembly system. After visual inspection, through the collection management system, sets of frag-
ments were selected and submitted for surface-based registration. The fragment sets may constitute
mixed puzzles, i.e. collections of fragments belonging to different original artefacts. Since pairings are
persistently cached and therefore their computational cost is amortized among many experiments, we
typically used the more time-consuming, high-precision settings for the reassembly engine, i.e. many
iterations for the global registration plus SparselCP re nement and multi-part alignment re nement.
With values of p close to 0:2 for the ", metric, fragments with even a small albeit usable contact area
were successfully and precisely matched (for example, see columns 2-4 in Fig. 11). |

A very smooth transition of the cracked region into an intact one can lead to poor identi cation
of potentially fractured areas. As mentioned in the pipeline overview, erosion can also signi cantly
smooth fractured surfaces or remove large parts that result in incompatible fragments. Both problems
can lead to erroneous registration and inadmissible clustering solutions. Our system offers two ways
to address such issues: the use of feature curves and the manual white- or black-listing of combina-
tions. As explained in Section 4.1, fhe curve extraction is a per-fragment pre-processing operation that
requires user input. Therefore enabling the curve-based assembly is intended for experiments where
contact-based registration is inadequate. Similar to the segmentation and clustering, once performed,
the generated data accompany a fragment in all future operations. The feature curves were involved
in the correct identi cation of matches between fragments with particularly reduced or trivial contact
area, such as the curved ending of the stone architectural element shown in 5 (fight) and the stone
sarcofagus of Fig. L1]( rst column). Most importantly, feature curves, when enabled, signi cantly im-
proved the alignment of parts both in the pairwise registration stage and the multi-part re nement
(see example of Fig. [p]- right). Obviously the feature curves are not applicable for surfaces devoid of
any sharp features. In these cases, only the surface-based criterion should be enabled.

For large puzzles (in our experiments the largest collection consisted of 64 pieces), it is likely that a
number of mismatched pairs appear in the multipart reassembly, especially when the collection con-
tains small fragments with uncharacteristic broken surfaces. In such cases, the manual disassociation
of the erroneously matched pieces is necessary via the black-listing mechanism provided.

ACM Journal on Computing and Cultural Heritage, Vol. 10, No. 2, Article 8, Publication date: 2017.



From Reassembly to Object Completion - A Complete Systems Pipeline 8:19

Fig. 11. Additional reassembly results for fragment sets of varying partiality and surface degradation. Feature curves are
exploited in the rst and last example, while for the rest we only use the contact surfaces.

In order to be able to quantify the performance of our assembly system, we performed a series of
experiments with non-archaeological clay objects, which were scanned before fracturing. Using the
scanned intact model as reference, we rst precisely aligned the scanned fragments with it, thus cre-
ating a reference assembly. Then, we performed an automated reassembly, and after locking a single
fragment to the respective part in the reference assembly, compared the deviation of the two assem-
blies. All experiments con rmed that the resulting surface distance error was below the error margin
of the scanning process, i.e. less than 1:5mm in our case, for objects with a typical diameter of more
than 20cm. Detailed measurements can be found in the online appendix and [Theoharis et al. 2015]. |

6.3 Object Completion Evaluation

To evaluate the object completion algorithm, we implemented a set of tools to check its robustness. The
rst test inspected the manifoldness of the result by counting the number of non-manifold edges in the
output. None of the generated parts from the tested CH objects had non-manifold edges. The test for
the introduction of defects counted the number of edges in boundaries, the number of isolated vertices,
the number of degenerate triangles and the number of points with inter-penetration. Again, none of
these defects manifested in our results.

To quantify the performance of our completion algorithm, we needed a ground-truth case for both the
completion itself and the complementary shape extraction. For this reason, we implemented a fracture
generation tool that produces synthetic fragments. Our tool was based on random Boolean operations
applied using a "cutter” object. When applied to a pre-selected set from the Hampson dataset, the
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fracture generation tool produced a set of fragments for every shape in the collection. Finally, we
selected a random subset of fragments for each shape (leaving out a single fragment for each object) and
applied our completion algorithm. The result was compared against the non-fractured object. Moreover,
since the missing fragment was already identi ed, we could easily compare it with the complementary
geometry generated by our algorithm.

The criterion to compare the results to the ground-truth was the volumetric divergence de ned as
the ratio between the volume of the intersection of the two shapes divided by the volume of the union
of the two shapes. A divergence of one means a perfect matching. Our algorithm obtained a divergence
of 0.8267 on average using the proposed benchmark. More details on the evaluation and results can
be seen in [Theoharis et al. 2015]|and [Gregor et al. 2015] and the synthetically generated benchmark
data can be downloaded from http://fracture-benchmark.dbvis.de.

7. DISCUSSION AND CONCLUSIONS

In this paper we have proposed, implemented and demonstrated a computational pipeline for assist-
ing experts in the restoration and study of CH objects, consisting of thoroughly-tested, state-of-the-art
algorithms. The reassembly stages are integrated in a single application environment and comple-
mented by distance and contact area measurement facilities and user-friendly reporting. Considering
the versatility and utility of automated shape completion, it is worth noting that despite the fact that
unarguably, synthesized parts are of little value to the CH expert in terms of interpretation and study,
the geometry of a symmetrically or otherwise repaired object is very useful in restoration tasks. Most
notably, it provides a reference model for computationally extracting complementary parts for visual-
ization and fabrication in order to assist the physical restoration process, especially when large parts
of an object are missing. Second, as shown in [Andreadis et al. 2015], the expanded mesh can provide
feedback for the reassembly, thus enabling the plausible and relatively accurate positioning of isolated
parts.

Currently our object completion pipeline relies on generalized symmetries, which when applicable,
can provide a plausible complete shape that is also usable for complementary geometry extraction.
However completion via retrieval is a promising future research subject, one that we have so far only
scratched the surface of, since it heavily relies on interpretation and hidden semantics at a higher level
than the geometry of the objects.

Although the implemented software is at a prototype level, it is the rst time a cohesive digital
restoration system is made widely and publicly available. We believe that through wide deployment,
experimentation and feedback, the community can be inspired to advance and adopt technological tools
in this direction.
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A. EXTENDED REASSEMBLY RESULTS EVALUATION

In this appendix we provide detailed measurements for selected reassembly cases used in our evalua-
tion process. To validate our alignment method in a more concise and measurable manner, as explained
in the paper, we performed experiments with non-archaeological models as well, which we scanned be-
fore fracturing. Using the scanned original as a reference model, we generated  reference reassemblies
and measured their RMS Hausdorff distance from our resulting assemblies, with the procedure ex-
plained in Section

Three test categories of increasing reassembly dif culty are provided: a) single object, b) multiple
objects in the same reassembly set (mixed puzzle) and c) reassembly of heavily damaged fragments.
The rst two categories use only the contact surfaces for the registration, while the third also exploits
the feature curves.

A.1 Reassembly of a Single Object

In the experiments of this section we expect a single island of fragments as a result of the multi-
part reassembly. The robustness of our registration process is evaluated here as its capability to a)
discriminate correct pairs and b) properly group the fragments without leaving isolated islands in the
solution. For the qualitative assessment of the single-object reassembly, when no ground truth original
object is available (i.e. for actual archaeological datasets), visual inspection of the resulting models
con rms the correct shape and helps detect severe skewing of the alignment. We also measure and
report the maximum penetration depth detected. For test sets with ground truth data, we additionally
measure the RMS Hausdorff distance against the reference reassembly. Figure 12 |denonstrates some
results using single-object collections and in particular, two archaeological data sets and two test sets
with ground truth data.

A.2 Reassembly of Mixed Objects

Here we evaluate the performance of our algorithms in the case of mixed puzzles. Fragments from
multiple objects are used and the expected result is a set of multiple clusters of reassembled objects,
as well as potentially isolated fragments. In order to achieve that, during the graph construction stage

we lter out pairwise matches with a matching error higher than a threshold value (the split threshold
reported in Figure 13),|which signify a bad or impossible registration (e.g. due to fragment penetration).
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Fig. 12. Object reassembly of a single object. We report the total computation time, the number of pairwise tests and the
maximum computed penetration. RMS Hausdorff distance from the ground truth is also provided, where available. For the
results shown, no nal multi-part re nement was necessary.

The criteria and respective measurements for the mixed puzzle problems presented are identical to the
single-object experiments, with the exception of the cluster split threshold, a parameter that can be
adjusted from the VRMW interface.

In Figure 13 the rst two examples our methodology manages to produce the two desired clusters.
This is attributed mainly to the good discrimination achieved by the matching error of the fragments.
In the example of the third column, we show a failure scenario. With the advantage of hindsight, we
now that the fragments should form 4 clusters, but a total of 8 were generated. The cluster at the
bottom-left of the example consists of two fragments that failed to form a cluster using the default
parameters. In the case of the top-left cluster our algorithm generated 4 sub-clusters. Since some
of the fragments only share a trivial contact surface or are heavily damaged and aked, only after
introducing the feature curves was it possible to discover substantial support to form a single object.

As collections of fragments become large, the pairwise registration cost becomes the predominant
factor. For each new fragment processed and introduced to a collection, the pairwise registration score
between all of its fractured facets and the corresponding fractured facets of the fragments already in
the set must be evaluated and stored. For the largest collection of fragments from the same origin
that we had in our possession, the Nidaros Cathedral dataset, we measured the incremental update
time when introducing the last piece in a set already containing 63 fragments. The 64th fragment
had 6 facets identi ed as potentially fractured and formed 2268 pairs with the other fragments in the
collection, resulting in a total pairwise registration time of 19 minutes.
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Fig. 13. Object reassembly with mixed puzzles. We report the total time, the number of pairwise tests and generated/expected
clusters. Correctly reassembled clusters are highlighted with a green outline, while red indicates partial or erroneous ones. In
the second case, we visualize the expected cluster in grey. For every test case, we also provide the error threshold that was used
for splitting the clusters. For the results shown, no nal multi-part re nement was necessary.

A.3 Reassembly of Heavily Damaged Fragments

This is the nal case of our evaluation for the reassembly of objects, where we experiment with frag-
ments with large parts of the fractured areas missing. In such cases, contact-based matching ap-
proaches fail as the fractured surfaces do not contain enough information for the alignment process.
In order to solve these cases we enable the feature curves. In Figure 14 we present complete object re-
assemblies that were obtained using registration with both the contact surface and the feature curves
criteria enabled. Due to the fact that these results were obtained in a semi-automatic way, as user eval-
uation of some intermediate alignment results and blacklisting of certain invalid pairs was required,
we do not present timings.

It is noteworthy that by exploiting the feature curves constraint, we managed to discover some new
combinations of fragments in the Dora Arch set of fragments from the Nidaros Cathedral, which were
nearly impossible to detect by visual inspection of the physical fragments or their virtual counterparts,
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Fig. 14. Reassembly results that were obtained using both the contact surfaces and the f-curves. We report the number of
pairwise tests, the maximum detected penetration of the assembled parts and the Hausdorff distance RMS from the ground

truth, where available.

alone. The joined parts in the proposed reassembly, that employs feature curves, contact surfaces and
white-/black-listing is presented in the last column of Figure 14.
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